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We study a new class of vector dark energy models where multi-Proca fields Aaµ are coupled to
cold dark matter by the term f(X)L˜m where f(X) is a general function of X ≡ − 12AµaAaµ and
L˜m is the cold dark matter Lagrangian. From here, we derive the general covariant form of the
novel interaction term sourcing the field equations. This result is quite general in the sense that
encompasses Abelian and non-Abelian vector fields. In particular, we investigate the effects of this
type of coupling in a simple dark energy model based on three copies of canonical Maxwell fields
to realize isotropic expansion. The cosmological background dynamics of the model is examined
by means of a dynamical system analysis to determine the stability of the emergent cosmological
solutions. As an interesting result, we find that the coupling function leads to the existence of a
novel scaling solution during the dark matter dominance. Furthermore, the critical points show
an early contribution of the vector field in the form of dark radiation and a stable de Sitter-type
attractor at late times mimicking dark energy. The cosmological evolution of the system as well
as the aforementioned features are verified by numerical computations. Observational constraints
are also discussed to put the model in a more phenomenological context in the light of future
observations.
I. INTRODUCTION
Our current understanding of the universe is based on
the standard model of cosmology, in short ΛCDM (Λ
Cold Dark Matter) [1]. Under this realization, the uni-
verse is experiencing today an accelerated expansion due
to a constant energy density characterized by some re-
pulsive pressure and attributed to the cosmological con-
stant [2–4]. Despite its success, the model has been the
subject of intense debate due to some controversies and
problems when confronted with observations, such as the
cosmological constant problem [5, 6] and the inference of
some spatial curvature suggested by the lensing ampli-
tude in the cosmic microwave background power spectra
[7]. Likewise, recent observations of the redshift-space
distorsion [8] and cluster counts [9–11] have pointed out
a lower rate for the cosmic growth than that predicted
by the ΛCDM model.
However, perhaps one of the major concerns in the
scientific community about the standard model of cos-
mology, among the aforementioned internal inconsisten-
cies, is the lack of conciliation between early and late
time universe measurements which has been referred to
as the Hubble tension [12]. The Planck experiment in-
fers a value H0 = 67.4 ± 0.5 km/s/Mpc at 68% C.L.,
assuming the standard ΛCDM model [1] while the re-
cent value determined from the observation of long-
period Cepheids in the Large Magellanic Cloud [13] is
H0 = 74.03 ± 1.42 km/s/Mpc at 68% C.L., thereby
putting the standard model in tension.
Three major routes have been established, among the
numerous theoretical proposals (see e.g [6, 14, 15] and
references therein), to reconcile such discrepancies and
other issues in the ΛCDM model. These are, modifying
the geometric sector of Einstein gravity by breaking its
fundamental assumptions [16, 17], including extra fields
minimally coupled to gravity which leads to dynamical
dark energy (DE) such as quintessence [18, 19] and k-
essence [20–22], or extending gravity by building non-
minimal interactions between matter and gravity1 [23–
27]. Yet, within the second possibility, interactions be-
tween dark mater and DE are allowed. This idea has been
explored intensively through phenomenological interac-
tions introduced into the conservation equations. We are
not going to discuss however the vast amount of possi-
ble choices studied in the literature; instead, we refer to
[28, 29] and references therein for the cosmological impli-
cations of non-trivial functional forms of couplings. It has
been shown however that this artificial description intro-
duces both inconsistencies with the covariant stress en-
ergy conservation and instabilities [30]. Hence, one must
appeal for a more fundamental and robust approach to
account for such a coupling within the dark sector based,
for instance, on a field theoretical description. Under this
perspective, several consistent approaches have been de-
veloped to build coupled dark energy models at the level
of the action such as conformal/disformal transforma-
tions [31–33], scalar-fluid theories [34, 35] and the post-
Friedmannian formalism [36]. Yet another possibility is
to couple directly the DE field to the matter Lagrangian,
i.e., at the Lagrangian level, through a coupling func-
tion as has been proposed in a pioneering work called
1 It is important to clarify that Horndeski theories include
all the generalized Jordan-Brans-Dicke type varieties, such as
quintessence and k-essence [15].
2coupled quintessence [37]. This type of coupling, and
more general non-trivial ones, can arise naturally after
an appropriate conformal transformation which relates
the metric in the Jordan frame, where matter lives, and
the Einstein frame, where gravity is described by gen-
eral relativity [32]. No matter the underlying physical
origin of the coupling, that is, whether it comes from
high energy physics arguments or from another yet un-
known physical reason, one can motivate the interaction
with the aim of addressing some inconsistencies in the
standard cosmological model with the phenomenological
interest of testing their observational signatures.
It is important to mention that most of the existing
(coupled) dark energy models are based on scalar fields
with little or no presence of space-like vector fields. This
is because, unlike time-like vector fields, space-like vector
fields can generate a large amount of anisotropy which
is inconsistent with observations [1]. Nevertheless, one
may avoid this undesirable result either by taking a large
number of random vector fields so that, on average, they
lead to an isotropic universe [38] or by considering a set
of three space-like vector fields of the same norm and
pointing towards mutually orthogonal spatial directions,
shaping what is called the cosmic triad [39]. We high-
light, up to the best of our knowledge, some significant
progress in the construction of coupled vector dark en-
ergy models based on space-like vector fields such as the
cosmic triad cosmology [40], three-form dark energy mod-
els [41–43], extensions of the pioneering vector-like dark
energy model [39] through phenomenological interactions
[44, 45] and direct coupling driving anisotropic expansion
[46]. It is worth mentioning that a coupled vector dark
energy model has been proposed recently [47] in the con-
text of the generalized Proca theory [48–52] with a trivial
time-like vector configuration to comply with the back-
ground symmetry.
We study in this work a novel coupling between multi-
ple vector fields and matter of the form f(X)L˜m, where
f(X) is a general function of X ≡ − 12AµaAaµ and L˜m is
the matter Lagrangian, following closely the spirit of the
kinetically coupled scalar dark energy scenario [53]. Our
main purpose is to extend the kinetic scalar coupling to
an analogous vector coupling which is fully independent
of the assumed model and on the Abelian/non-Abelian
nature of the vector fields. To investigate its cosmological
implications, we frame this coupling into a model con-
sisting of three copies of the standard Maxwell-theory,
consistent with the isotropic background, with a specific
power law form for the coupling and an exponential po-
tential.
The content of this paper is structured as follows. We
derive, in section II, the general interaction term for the
proposed coupling function. In section III, we study its
cosmological behaviour by a dynamical system analysis in
a specific setup consisting of the cosmic triad compatible
with a Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
universe. We confirm the obtained qualitative features
by numerically solving the cosmological evolution of the
system in section V. Finally, the discussion and perspec-
tives of this work are presented in section IV.
II. THE MODEL
We start by writing the general L2 piece of the La-
grangian for the generalized multi-Proca theory [54, 55]
that involves only gauge-invariant and spontaneous sym-
metry breaking quantities which are present in the
Abelian and non-Abelian cases. Indeed, any function
of a set of vector fields Aaµ, their associated gauge field
strength tensors F aµν , and their Hodge duals F˜
a
µν belongs
to L22:
L2 ≡ f(Aaµ, F aµν , F˜ aµν). (1)
Thus, the action involving the Einstein-Hilbert La-
grangian LEH , the L2 piece, and the explicit coupling
between a mass-type term X ≡ − 12AaµAµa of the vector
fields and matter reads
S =
∫
d4x
√−g(LEH + L2 + f(X)L˜m), (2)
where g is the determinant of the metric. The novel
contribution of this paper is the inclusion of the coupling
function3 f(X) that describes the way in which multi-
Proca fields Aaµ couple to matter. The latter, in turn, is
described by the Lagrangian L˜m(gµν , ψ), where ψ is the
matter field. In particular, we consider the action
S =
∫
d4x
√−g
(
M2p
2
R − 1
4
F aµνF
µν
a − V (X˜) + f(X)L˜m
)
,
(3)
where Mp is the reduced Planck mass, R is the Ricci
scalar, F aµν ≡ ∇µAaν −∇νAaν , and V is a potential term,
as in the uncoupled model [39], where we have defined
the quantity X˜ ≡ AaµAµa .
We assume for simplicity that radiation and baryons
are completely uncoupled, otherwise we will have to pass
to a physical frame (usually the Einstein frame where
gravity is described by general relativity) through a con-
formal transformation [31].
On the other hand, it is interesting to note that, in
contrast to phenomenological interactions, the coupling
at the level of the action affects not only the continuity
equations of each matter component but also the gravi-
tational field equations. Hence, by varying the action in
2 Here a labels the different vector fields and becomes a group
index if there exists some internal symmetry group.
3 A similar coupling was studied in the context of the generalized
Proca theory with a time-like vector field [47]. However, our
approach differs from it in that we derive here the associated
interacting terms.
3eqn. (3) with respect to the metric, we obtain the gravi-
tational field equations
M2p
2
Gµν = T
A
µν + fT˜
m
µν + f,X L˜mAaµAνa, (4)
where the energy-momentum tensor of the multi-Proca
fields is
TAµν ≡ −2
δLA
δgµν
+ LAgµν
= F aµσF
σ
aν + 2V,X˜A
a
µAνa −
(
1
4
F aρσF
ρσ
a + V (X˜)
)
gµν ,
(5)
LA being defined by
LA ≡ −1
4
F aµνF
µν
a − V (X˜). (6)
Note that we have introduced for abbreviation the defini-
tions f,X ≡ dfdX and V,X˜ ≡ dVdX˜ in the above expressions.
It is convenient to redefine the matter energy-momentum
tensor according to the gravitational field equations in
eqn. (4) such that
Tmµν ≡− 2
δLm
δgµν
+ Lmgµν
=fT˜mµν + f,X L˜mAaµAνa, (7)
where we have defined for convenience Lm ≡ f L˜m and
introduced the definition
T˜mµν ≡ −2
δL˜m
δgµν
+ L˜mgµν . (8)
Now, the field equations become
M2p
2
Gµν = T
A
µν + T
m
µν . (9)
Note that we have passed over the arguments in all the
functions for brevity. It is worth pointing out that the
new matter energy-momentum tensor Tmµν can have, ap-
parently, an additional non-vanishing pressure compo-
nent if the vector fields have spatial components by virtue
of the second term in eqn. (7). On the contrary, if we
consider a time-like vector, there will be an additional
contribution to the energy density as usually happens in
kinetically coupled scalar models (see e.g [53]). Hence,
Tmµν seems to be ambiguously defined in the sense that
it depends on the components of the different Aaµ. We
shall discuss later this point and its implications to have
a right interpretation of the cold dark matter component.
The coupled Aµ field equations of motion are obtained
after varying the action with respect to Aaµ. These can
be written in the reduced form
∂µ(
√−gF aµν) = 2√−gAνa
(
V,X˜ +
1
2
f,X
f
Lm
)
. (10)
As the conservation law sets the interacting term sourc-
ing the continuity equation for each component without
ambiguity, we find from here the general interacting ex-
pression for the coupling function (eqn. (3)) by taking
the covariant derivative of eqn. (7):
∇µT µmν =−Acβ∇µAβc [
f,X
f
(T µmν − f,XAµaAνaLm)
+
f,XX
f
LmAµaAaν ] +
f,X
f
AµcA
c
ν [∇µLm
+
f,X
f
LmAaβ∇µAβa ] +
f,X
f
Lm[Acν∇µAµc
+Aµc∇µAcν ], (11)
such that ∇µT µmν = −∇µT µAν . Note that we have guar-
anteed the conservation of the uncoupled matter fluid
∇µT˜ µmν = 0. It is worth noting that the general form
of the interaction term depends explicitly on the vector
fields and their first-order derivatives. In addition, it is
valid for Abelian and non-Abelian vector fields since the
coupling function only depends on Aaµ and not, for in-
stance, on the field strength tensor which involves the
specific structure of the associated group. This alterna-
tive however suggests us to construct more general cou-
pling functions, for instance, a coupling of the form f(Y )
where
Y ≡ −1
4
F aµνF
µν
a , (12)
so that the structure of the associated group becomes
explicit4. This possibility clearly deserves further ex-
amination as well as the possibility to settle this idea
in the context of vector-tensor theories through confor-
mal/disformal transformations as manifestation of possi-
ble non-minimal couplings to gravity. Interesting frame-
works to have in mind were recently developed for metric
transformations based on a U(1) gauge field [56], on the
field strength tensor [57] and on its dual tensor [58].
A. Particular setup: The cosmic triad
We consider a triad of mutually orthogonal and of the
same norm space-like vector fields Aµa which is an ar-
rangement compatible with isotropic and homogeneous
background:
Aaµ ≡ a(t)A(t)δaµ. (13)
Here A(t) is the common norm of the three vector fields
and a(t) is the scale factor in the FLRW spacetime with
4 For the particular case of SU(N) gauge fields, the self-interaction
term that contributes to the kinetic energy, it being proportional
to the coupling constant of the group, will appear now explic-
itly in both the gravitational field equations and the Aµ field
equations.
4line element ds2 = −dt2 + a2(t)δijdxidxj . Bearing this
in mind, it is possible to compute the gravitational field
equations and the Aµ field equations where the presence
of the coupling function f is revealed:5
3M2pH
2 = f ρ˜m +
3
2
(A˙+HA)2 + V, (14)
M2p (3H
2+2H˙) = −1
2
(A˙+HA)2+V −2V,X˜A2+f,XA2ρ˜m,
(15)
A¨+
(
a¨
a
+H2
)
A+ 3HA˙+ 2V,X˜A− f,XAρ˜m = 0. (16)
Here an upper dot denotes a derivative with respect to
the cosmic time, H(t) ≡ a˙/a is the Hubble parameter,
and ρ˜m is the cold dark matter energy density. As we
assume a (pressureless) cold dark matter fluid, the last
term in eqn. (15) can be interpreted as an effective pres-
sure for the vector field arising from the coupling to mat-
ter. Consequently, we define the density and pressure of
the vector field respectively as
ρA =
3
2
(A˙+HA)2 + V, (17)
pA =
1
2
(A˙+HA)2 − V + 2V,X˜A2 −
f,X
f
A2ρm, (18)
where we have introduced the definition ρm ≡ f ρ˜m. It
will be instructive to keep in mind that the energy den-
sity of the vector field is the result of the contribution
of the kinetic term Y and the vector field potential V
as in the canonical case; however, pressure has an addi-
tional contribution due to the coupling function. Such
a contribution will be important whenever ρm does not
vanish, affecting consequently the total energy budget
of the universe (see eqn. 14). Indeed, as we shall see,
the kinetic term will contribute early as dark radiation
pA = pY =
1
3ρY as expected commonly for space-like vec-
tor fields, while the potential will work as DE to account
for the late-time accelerated expansion.
From eqns. (17)-(18), it is possible to write the Aµ field
equation (eqn. 16) in the form of the continuity equation
for a fluid, allowing us to infer the interacting term:
ρ˙A + 3H(ρA + pA) = 3AA˙
f,X
f
ρm, (19)
ρ˙m + 3Hρm = −3AA˙f,X
f
ρm. (20)
5 This realization results in an interesting generalization of the
pioneering model of ref. [39] and opens up a wide possibility to
build coupled dark energy models driven only by vector fields.
The continuity equations evidence clearly that both com-
ponents interact with each other through a novel inter-
action term Q = − 3f,Xf ρm which is very similar to the
interaction term derived from the coupled tachyonic dark
energy model [59].
As we are mostly interested in the late-time cosmology,
we define the effective state parameter from eqn. (15) as
follows
weff ≡ pT
ρT
= −
(
1 +
2H˙
3H2
)
, (21)
where pT and ρT are respectively the total pressure and
energy density, and search accordingly for the condition
weff < −1/3 in such a period. This parameter will de-
scribe the transition from the domination of each compo-
nent in accordance to the evolution of the universe. It is
also important to define the state parameter for the vec-
tor field as wA ≡ pAρA which will coincide with weff at early
and late times as we will see. We have thereby provided
all the key equations needed to describe the cosmological
background dynamics. We will first address this issue
in a qualitative way by using the dynamical systems ap-
proach in the next section. Then, we will numerically
solve the coupled system to visualize the cosmic evolu-
tion in section IV.
FIG. 1. Trajectories for different initial conditions (cyan
points) in phase space converging to the attractor solutions
D1,2,3,4 (black points). These trajectories correspond to nu-
merical solutions of the dynamical system in eqn. (25), af-
ter dimensional reduction, for the parameters q = −0.1 and
λ = 0.4. The light yellow region denotes the physical re-
gion we define as the intersection of the physical phase space
and the region where the universe undergoes a standard ac-
celerated expansion (weff < 1/3), the latter's being more
restrictive.
5TABLE I. Fixed points of the autonomous system in eqn. (25) and their main physical features. The dynamical stability is
found by demanding the standard requirement of negativity of the eigenvalues of the Jacobian matrix M associated to the
linear system evaluated at the critical points (see Appendix). In addition, the density parameter associated to the cosmic triad,
the latter’s state parameter, the effective state parameter, the conditions for the existence of the critical points in phase space,
and the conditions for supporting late-time accelerated expansion are displayed as indicated.
Point xc yc zc uc ΩA wA weff Existence Acceleration
A± ±1 0 0 ±
√
2 1 1/3 1/3 ∀q, λ No
B± ±
√
2q√−1+2q 0 ± 1√1−2q ±
√
2xc
2q
−1+2q 0 0 ∀q, λ < 0 No
D1,2 −
√−1+3λ√
3λ
∓ 1√
3λ
0 −√2xc 1 −1 −1 ∀q, λ > 1/3 ∀q, λ
D3,4
√−1+3λ√
3λ
∓ 1√
3λ
0
√
2xc 1 −1 −1 ∀q, λ > 1/3 ∀q, λ
III. DYNAMICAL SYSTEM
In order to study the background evolution of the
model given by eqns. (14)-(16) and eqns. (19)-(20) by
the dynamical system analysis, we transform the system
of equations into an autonomous system of first-order dif-
ferential equations. To do so, we introduce the following
dimensionless variables that will define the phase space
portrait:
x ≡
√
(A˙+HA)2
2M2pH
2
; y ≡
√
V
3M2pH
2
;
z ≡
√
ρm
3M2pH
2
; u ≡ A
Mp
. (22)
These variables satisfy, in turn, the Friedmann constraint
x2 + y2 + z2 = 1. (23)
At this point, it is necessary to define the functional forms
of both the potential and the coupling function. For the
former, we set an exponential potential while, for the
latter, we set a power law6:
V (X˜) = V0e
−λX˜/M2p , f(X) =
(
X
M2p
)q
, (24)
such that
V
,X˜
V and
f,X
f are completely determined as de-
manded to close the system of coupled equations. Here
λ and q are the dimensionless model parameters to be
constrained. With all this at disposition, we derive the
6 The reason for this choice is mainly technical as it makes easier
to write the autonomous system, rendering the physical space
compact in turn. This fact guarantees that trajectories do not
extend to infinity.
autonomous system
x′ = −x
(
2 +
H ′
H
)
+
1
x
[
3λy2u2 −
√
2
x
u
qz2 − y
(
y′ + y
H ′
H
)]
,
y′ = −y
[
H ′
H
+ 3u2λ
(√
2
x
u
− 1
)]
,
z′ = −z
[
H ′
H
+
3
2
− q
(√
2
x
u
− 1
)]
,
u′ =
√
2x− u. (25)
Here the prime denotes a derivative with respect to
N ≡ ln a. We also determine the accelerating equation
eqn. (15) in terms of the dimensionless quantities:
H ′
H
= −3
2
(1 + weff ), (26)
with
weff =
x2
3
− y2 − 2λy2u2 + 2
3
qz2, (27)
where the presence of the interacting term via the pa-
rameter q and the quantity z in the above equation is
clear, evidencing thus the coupling of the vector field to
matter. The state parameter for the vector DE is, in the
same fashion,
wA =
x2/3− y2 − 2λy2u2 + 23qz2
x2 + y2
. (28)
To ease our computations, we reduce the 4-dimensional
phase space to a 3-dimensional one through the Fried-
mann constraint. The physical volume of the reduced
phase space becomes then x2 + y2 ≤ 1 (with u uncon-
strained). In what follows, we will compute the critical
points of the system and study the general conditions
that determine both their dynamical character and their
existence in phase space, following the standard proce-
dure of the dynamical systems theory.
6A. Phase space trajectories
In order to better comprehend the dynamical charac-
ter of the appearing solutions, we have first drawn some
parametric trajectories in phase space for different ini-
tial conditions (marked as cyan points) in fig. 1. These
points are initially close to a radiation dominated uni-
verse. As time passes the trajectories bring near some
points (presumably saddle in nature) before being finally
attracted towards four possible attractor solutions given
by the critical points7 (xc,i, yc,i, uc,i). The latter, as seen
in fig. 1, are located in accordance to the odd-parity in-
variance of the system (see Table I) and coloured black
inside the physical region. Such a physical region is de-
noted by light yellow and it is defined as the intersection
space of the physical reduced phase space x2+y2 ≤ 1 and
the region where the universe undergoes a standard accel-
erated expansion (weff < 1/3), with u now constrained
by eqn. (27). One couple of solutions are, as a first cri-
terion, located according to the sign of the parameter u.
For instance D1,2 correspond to u negative while, for the
opposite sign, we have the attractors D3,4. Nevertheless,
they all have the same physical meaning: de Sitter-type
attractors characterized by the dominance of vector DE
through its potential. We have chosen q = −0.1 and
λ = 0.4 for these numerical solutions. However, we have
checked that the location of the attractor solutions inside
the physical region does not depend on q but does on λ.
Indeed, by increasing λ significantly, the attractor points
are slightly shifted from y = ±1 towards y = 0, these be-
ing now enclosed by the renewed cylinder-shaped regions.
Regarding the effect of q, it turns out to be important
only in an intermediate stage of the universe when matter
starts dominating. This leads to a non-vanishing vector
energy density contribution that can alter the dynamic
expansion other than having some impact on non-linear
processes of the early universe as the formation of cosmic
structures. All of the above dynamical features will be
more evident in the two-dimensional stream plots that we
will display next as well as in the performed numerical
computation that will be described in section V.
B. Critical points and stability
The critical points are computed by matching to zero
each equation of the autonomous system and solving a
set of simple algebraic expressions. The solutions are
shown in Table I corresponding to eight critical points.
However, as we have discussed previously, they can be
7 Indeed, these solutions are doubly degenerate in the sense that
they all represent one single physical solution of cosmological
interest due to the symmetry of the invariant phase space. The
emergence of these solutions, and their differences, are due to
different sign combinations for the fixed points (xc,i, yc,i, uc,i)
with i running from 1 up to 4, as can be seen in Table. I.
A- A+B-
D1
D2
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
x
y
A- A+B-
D1
D2
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
x
y
A- A+B-
D1
D2
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
x
y
FIG. 2. Reduced phase space of the dynamical system. We
have set the slice uc = −|uc| = −
√
−2/3+2λ√
λ
, corresponding
to D1,2 and have taken λ = 0.4 and q = 0,−0, 1,−0.2 in
the top, middle and bottom panels respectively. The light
yellow region denotes as before the physical region where the
condition x2+ y2 ≤ 1 is satisfied along with the condition for
the accelerated expansion.
reduced without ambiguities to three physical solutions
of cosmological interest, each one playing a crucial role
7A- A+B-
D1
D2
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
x
y
FIG. 3. Reduced phase space of the dynamical system. We have set the slice uc = −|uc| for the left panel and uc = |uc| for the
right panel in order to appreciate the equivalence between these two solutions which correspond to the attractors D1,2 and D3,4,
respectively. It is also important to note how the attractor points approach A± when we choose a larger value for λ (λ = 0.8)
while keeping q fixed (q = −0.1). The light yellow region denotes the physical region where the universe is accelerating.
in the evolution of the universe. We will refer then to a
single solution when they exhibit the same physical fea-
tures. Some physical quantities are also displayed in the
table for a better description of the dynamical behav-
ior of the system such as the vector density parameter,
the vector state parameter, the effective state parame-
ter, the conditions for the existence of the critical points,
and whether they correspond to an accelerated expansion
period. The existence is determined by the requirement
that 0 ≤ x2 + y2 ≤ 1 and that the coordinates of the
critical points must be real valued. Interestingly, there
exists a new scaling solution mediated by the parame-
ter q (fixed point B±). The emergence of this solution
is due to the presence of the kinetic energy xc of the
vector field during the matter dominated epoch contrary
to the uncoupled case q = 0 (xc = 0). This remark-
able difference may lead to interesting implications not
only at the background level, aiming at addressing the
coincidence problem and the Hubble tension, but also at
the linear/non-linear regime in perturbations, affecting
for instance the formation and evolution of cosmic struc-
tures in the universe. This point will be discussed later
in view of the cosmological observations. We discuss the
main physical features of each fixed point as follows:
• Point (A±): this saddle point corresponds to a ki-
netic dominated solution or dark radiation since x
is the only non-zero dynamical variable of the sys-
tem. Hence, the cosmic triad fully dominates the
energy density budget in the form of dark radiation
with wA = 1/3 and ΩA = 1. We conclude that this
point represents a radiation dominated period with
effective state parameter weff = 1/3 and that ac-
celeration is not realizable during this initial stage.
As can be seen in Table I and the Appendix, there
is no explicit dependence of the existence and the
stability conditions of this critical point on the pa-
rameter values.
• Point (B±): Though this point exists in the un-
coupled case (q = 0), the total energy density
of the universe is not totally governed by mat-
ter (Ωm =
1
1−2q ) in this intermediate stage when
q 6= 0. Instead, we have an outstanding contribu-
tion of the vector field (ΩA =
2q
−1+2q with q 6= 1/2)
due to its coupling to matter through the param-
eter q. We may refer to this fixed point as the
coupled multi-Proca vector-matter fixed point. De-
spite the contribution of the vector field to the total
energy budget, this saddle point represents mat-
ter domination with weff = 0 and with the vector
field acting as a dust-like fluid. This shows that
acceleration is not realizable unless the potential
(yc) dominated solution is achieved. On the other
hand, one of the conditions for the existence of this
point is simply λ < 0. In addition, this prelimi-
nary inspection tells us that, in order to have well
defined (real valued) positive energy density val-
ues for both components, the parameter q must be
negative. Nonetheless, feasible numerical solutions
include also positive q values as we will see. The
most noticeable physical aspect of this solution is
that it represents a novel scaling solution where the
dark energy density to matter energy density ratio
scales as ρDE/ρm ∝ −2q, and has interesting impli-
cations at the background level aiming to solve the
coincidence problem. This solution may be seen
as a generalization of the pioneering dark energy
model based on the cosmic triad [39].
• Point (Di): This critical point is a dynamical sta-
ble attractor with all negative eigenvalues. Interest-
8ingly, this point exhibits an accelerated period with
state parameter wA = weff = −1 independent en-
tirely of the model parameters. Despite the explicit
dependence of weff on q and λ in eqn. (27), there
appears an intriguing cancellation when replacing
this critical point. This renders, as an attractor
solution, a de Sitter universe with weff = −1 at
late times as shall be verified numerically. In other
words, the vector field mimics DE at late times with
density parameter ΩA = x
2
c,i + y
2
c,i = 1 being also
independent of the model parameters.
In summary, the model we propose in this work pro-
vides a cosmological evolution where the cosmic triad
contributes in the form of dark radiation at early times,
with a significant presence of its kinetic energy (scaling
solution) quantified by the coupling q at the matter domi-
nation era, and mimicking DE at late times (low redshift)
through the exponential potential.
To see the dynamical evolution of the system char-
acterized by such fixed points, we display the reduced
phase space portrait of the dynamical system eqn. (25)
in fig. 2 for the same parameter values as in fig. 1 (ex-
cept for q that takes several values as indicated in the
caption). These two-dimensional plots are obtained by
setting the slice u = uc at the attractor point Di. Notice
that a negative uc determines the physical region enclos-
ing D1 and D2; on the contrary, we have the equivalent
physical region enclosing the points D3 and D4 as can be
ascertained in fig. 3 (see also fig. 1). Namely, the corre-
sponding phase spaces have the same physical meaning
as we already discussed. For the sake of easiness, we re-
strict our attention to the case with negative u in all the
subsequent plots, which corresponds to portraying D1,2
and the saddle points A± and B−. Thus, all trajecto-
ries leaving the saddle point A+ (dark radiation), with
some of them passing close to B− (scaling solution) move
towards one of the attractor solutions, D1 or D2, (down-
wards or upwards, respectively), which accounts for an
accelerated expansion period as can be seen in fig. 2. In
the same plot, the light yellow contour indicates the re-
gion where acceleration is realizable which remarkably
occurs for any set of values for the model parameters. In
addition, we can see that the effect of varying q is noticed
only by a slight shift in B− and not on D1,2. It is evident
that, for q = 0, B− = B+ at xc = 0; this uncoupled case
corresponds to the top panel of fig. 2.
We end this part by analyzing the effect of changing
λ. As expected from Table I, the attractor points D1,2
(D3,4) move along the black boundary towards A− (A+)
when we increase λ. This behaviour can be appreciated
in fig. 3 where we have taken λ = 0.8 in contrast to the
case λ = 0.4 depicted in fig. 2. As a further remark
about this analysis, we note that each component of the
total energy density is given by a well-characterized state
parameter at each fixed point which means that there is
no any dependence on the model parameters even though
they control the whole dynamical behaviour of weff . The
parameter λ affects, for instance, the value for weff at
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FIG. 4. Evolution of ΩA and Ωm versus the number of e-folds
N ≡ log a for different values of q. Dashed and solid lines
denote solutions for ΩA and Ωm respectively. Top, middle and
bottom panels correspond to λ = 3, 1, and 0.4 respectively.
We have chosen u(0) = 0.9 as a comparable value with respect
to the x(0) and y(0) values. The other initial conditions have
been chosen to match the present value ΩA = Ω
(0)
DE = 0.68.
the onset of matter domination. These features will be
appreciated in the next section when we numerically solve
the cosmological evolution of the system in terms of the
parameters of the model.
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FIG. 5. Evolution of the state parameters versus the number
of e-folds N in the top and middle panels with λ = 1 and
0.4, respectively, for different values of q as can be read in
the legends. Dashed and solid lines denote solutions for weff
and wA respectively. We show the evolution of the energy
density for each component in the bottom panel for q = −0.1
and different values of λ as indicated in the legends. We have
chosen u(0) = 0.9 as a comparable value with respect to the
x(0) and y(0) values. The other initial conditions have been
chosen to match the present value ΩA = Ω
(0)
DE = 0.68.
IV. NUMERICAL RESULTS: COSMOLOGICAL
BACKGROUND EVOLUTION
We employ numerical methods in this section to solve
the cosmological evolution of the model in order to verify
the dynamical behaviour found in the previous section.
We start by exploring the viable region of the parameter
space in accordance with the analysis already performed.
After an exhaustive exploration of the numerical solu-
tions in terms of the model parameters, we notice that
the behaviour of the density parameters associated to
the vector field ΩA and the matter component Ωm is
mostly influenced at very high redshift (i.e., large and
negative e-folding N) by the parameter λ in the range
1/3 < λ < 1, displaying an early matter-dark radiation
equality (see middle and bottom panels of fig. 4). Mean-
while, for λ > 1, they display important changes with
respect to the former at very low redshift as can be ob-
served in fig. 4 top panel. Importantly, the most noto-
rious difference among the numerical solutions shows at
the full matter domination epoch: for λ > 1 the mat-
ter density parameter is always below one because of the
non-vanishing vector energy contribution leading, for in-
stance, to Ωm ∼ 0.9 for the case λ = 3 (see top panel
of fig. 4). In contrast, for λ < 1, Ωm ≈ 1. In general,
by increasing λ an order of magnitude, the matter den-
sity is reduced roughly 10%. It is also worth pointing
out that, for λ > 3, the transition between matter and
DE domination occurs at z < 0.1, i.e. very close to the
present epoch, resulting in a cosmic coincidence situa-
tion. In short, as λ increases, the matter-dark energy
equality is slightly shifted to the present epoch. Hence,
there should be an upper limit for λ to have a success-
ful dynamic expansion such that the coincidence appears
much less severe today. As a conservative limit we set λ
to be O(1) but a more stringent limit will be derived by
the use of observational data.
The effect of changing q is notoriously amplified in
the numerical solutions with λ = 1 (compare the mid-
dle panel with the other two in fig. 4) and, in particular,
around matter-dark radiation equality but with almost
indistinguishable differences at the very early epoch and
shortly before today even for any value of λ. A conse-
quence of this is the convergence of the energy-density
solutions for all q values (including the uncoupled case
q = 0) at the aforementioned epochs as can be appreci-
ated in the same figure. In other words, the effect of q
turns out to be noticeable in an intermediate stage of the
universe evolution; in contrast, it is turned off in other
stages as we have already assessed in the dynamical sys-
tem analysis presented in section III. Interestingly, all the
numerical solutions exhibit, as a general trend, an early
contribution of the vector field in the form of dark radi-
ation and a late contribution in the form of DE. To put
it in another way, the kinetic energy and the potential of
the vector fields dominate at early and late times respec-
tively, with the possibility, provided that q 6= 0, of having
an early contribution of the cosmic triad to the total en-
10
ergy density during the matter domination. This could
leave some imprints on the structure formation that can
be confronted with observations.
It is very instructive to display how the effective state
parameter and the one for the vector field evolve with
time. This allows us to more clearly observe the dom-
inance of each component, with particular attention on
the tracking solutions wr → wm → wDE ensuring se-
quentially (dark) radiation, matter, and DE transitions.
In fact, it is appealing to see how wA tracks weff at very
high and low redshifts. This result is shown in fig. 5 for
two particular values of λ. Both cases exhibit a well be-
haved transition of weff from dark radiation to matter
and then to DE domination. In particular, the case λ = 1
in the top panel shows an absolute minimum for weff be-
fore it reaches a value weff = −1. The same panel shows,
in addition, a deeper downfall of wA contrary to the case
λ = 0.4 in the middle panel. Indeed, the most significant
effect of λ on the dynamical evolution of the universe
is towards the onset of the accelerated expansion epoch
until the minimum of wA due to the dominance of the
potential energy in such a period, as expected from the
equations of state (27) and (28). In physical terms, the
vector field displays a phantom behaviour before achiev-
ing the de Sitter regime. Later, after the oscillation, the
vector field essentially freezes with ρA = V = const. and
the Hubble parameter becomes constant as can be in-
ferred from the density parameters shown in fig. 4.
To sum up things, the cosmic triad exposes two out-
standing features during the evolution of the universe. At
early times, during radiation era, it tracks weff → wA =
−1/3, contributing thus to radiation in the form of dark
radiation whereas, at late times, it changes its role to
DE, providing a de Sitter-type accelerated solution with
weff → wA = −1. Let us now point out that the effect
of q on the numerical solutions is rather significant for
wA at the matter domination era in accordance with the
dependence of the state parameter in eqn. (28) via the
qz2 term which accounts for the matter energy density.
Finally, we plot the energy density for both compo-
nents and investigate the effects of the model parameters
during the evolution of the universe in the bottom panel
of fig. 5. From here, we conclude that the only signif-
icant change occurs for ρA (black curves); in particular
the solution with λ = 3 (solid black curve ) is quite dis-
tinguishable from the solutions λ = 0.4 and λ = 1 along
the whole evolution. These latter solutions are however
distinct each other only at very low-redshift as can be
appreciated. Hence, comparing the distinct numerical
solutions, we notice that those distinguishable features
are due to the influence of the potential at low redshift,
resulting in a deeper downfall for the cases λ = 1 and
λ = 3 consistent with the dynamics of wA (see, for in-
stance, how deep is the solution with λ = 1 in contrast
to the one with λ = 0.4). Interestingly, both ρA and
ρm match twice: the first match (dark radiation-matter
equality) occurs around z ≈ 60 (N = − log(1 + z)) for
dotted (λ = 0.4) and dashed (λ = 1) black curves and
z ≈ 7 for the solid (λ = 3) black curve, whereas the sec-
ond match (matter-dark energy equality) happens close
to the present epoch as we have discussed when analyzing
the energy densities in fig. 5. We argue then that these
solutions are not fined tuned in view of the coincidence
problem due to the dominance of the potential during
the accelerated period.
V. DISCUSSION AND CONCLUSIONS
We proposed a novel coupling between multi-Proca
vector fields and cold dark matter at the level of the
action through a vector mass-type term. The general
interacting term in a FLRW universe, with the cosmic
triad configuration for the space-like vector fields, is of
the form Q = − 3f,Xf ρm, it being fully independent of
the vector field nature (i.e., the specific structure of the
associated group is not manifest, see eqn. (11)).
The dynamical system analysis revealed the existence
of three physical critical points corresponding to a dark
radiation behaviour with ΩA = 1 (saddle point), a
coupled multi-Proca vector-matter behaviour or sim-
ply a scaling solution where the density ratio scales as
ρDE/ρm ∝ −2q (saddle point), and a DE behaviour lead-
ing to an accelerated expansion period with ΩA = ΩDE
(de Sitter-type attractor). These transitions can easily
be seen in the phase space orbits in fig. 2 and fig. 3.
For completeness, we also performed numerical compu-
tations of the density parameters and the effective state
parameter to verify the evolution of the universe and to
more clearly investigate the effects of the model param-
eters q and λ. As an interesting result, we found an
appealing behaviour for the energy density associated to
the vector fields that can naturally alleviate the coinci-
dence problem due to the emergence of the potential at
low redshift with no fine tuning. Indeed, for λ = 3, ρA
is at most two orders of magnitude larger than ρm in the
past (high redshift), those differences being even smaller
across the whole cosmic history for λ = 1 as can be seen
in the bottom panel of fig. 5.
As future theoretical research, we propose building
more general couplings involving, for instance, the field
strength or its dual in order to make the structure of
the group explicit. Moreover, though our proposal is not
formally framed in the context of conformal transforma-
tions, it would be worth investigating the respective vec-
tor transformation in the context of vector tensor theories
as was recently done for U(1) vector fields [56] and the
extended vector-tensor theories [60].
To conclude, we proposed in this work a novel cou-
pling to matter that allows the multi-Proca vector fields
to exist during the matter dominated epoch, exhibiting
consequently a novel scaling solution which is cosmologi-
cally appealing in order to address the coincidence prob-
lem and the debated Hubble tension. Though we did not
attack directly such an issue in this work, it would be
worth examining it in a future work whether this model
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may conciliate the observational data at high and low
redshift. This would serve as a first challenge to put the
model in a phenomenological context and to constrain
also the background quantities. Likewise, the effects of
such a coupling could be important in the evolution of
matter density perturbations and all the derived quan-
tities associated with measurements of large-scale struc-
tures such as the growth rate and the redshift-space dis-
torsion fσ8. Hence, the subsequent observational test
would be to constrain the evolution of matter perturba-
tions and the evolution of gravitational potentials by in-
cluding redshift-space distorsion measurements from dif-
ferent observational surveys. Another important exam-
ination within the context of structure formation would
be to investigate the influence of such a coupling on the
spherical collapse and number counts at the correspond-
ing redshift. Regarding the dark radiation effects in the
early-universe physics (see e.g. [61–65]), they can im-
print detectable signatures in the cosmic microwave back-
ground radiation causing both spectral distortions and
additional anisotropies. In addition, they can contribute
to the effective number of relativistic species Neff as was
studied in a dark energy model whose action is composed
of non-Abelian gauge fields [66]. Our plan is to address
these concerns in a forthcoming publication in order to
guarantee the consistence of the model throughout the
different stages of the universe.
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Appendix: Stability conditions
We show in this appendix the general conditions that
render the phase space portrait stable. The stability
analysis follows the standard criteria of finding the eigen-
values of the Jacobian matrixM associated to the linear
system and classifying them according to the stability
criteria. This allows us to establish the dynamical char-
acter of the fixed points and, therefore, their cosmological
viability.
The matrix elements ofM are:
M11 = 2qx(
√
2− ux)
u
− q(−1 + x2 + y2)
+
−1 + 3x2 − y2(3 + 6u2λ)
2
,
M12 = 2q(
√
2− ux)y
u
+
12
√
2uyλ− 2xy(3 + 6u2λ)
2
,
M13 = −qx(−1 + x
2 + y2)
u
− q(
√
2− ux)(−1 + x2 + y2)
u2
+
6
√
2y2λ− 12uxy2λ
2
,
M21 = −y(−2x+ 4qx+ 6
√
2uλ
2
),
M22 = −y(4qy + 6y(1 + 2u
2λ))
2
+
x2 − 2q(−1 + x2 + y2)− 6√2uxλ− 3(−1 + y2)(1 + 2u2λ)
2
,
M23 = −y(6
√
2xλ + 12u(−1 + y2)λ)
2
,
M31 =
√
2,
M32 = 0,
M33 = −1.
Thus, the fixed points and their characterization are
as follow:
• Fixed points (A±):
e1 = 2 , e2 = −1, e3 = 1.
These points clearly represent saddle points since
the eigenvalues are real valued with two of them
having opposite signs.
• Fixed points (B±):
e1 =
3
2 , e2,3 =
3−6q±√7
√
−1+4q−4q2
4(−1+2q) .
It is straightforward to verify that e2,3 are always
negative for any value of q such that these fixed
point are also saddle points.
• Fixed points (Di): The corresponding eigenvalues
ei are quite long and little illuminating to be re-
ported here as a guidance for analytical treatment.
Their real parts are plotted instead in terms of the
parameter λ in fig. 6 where the conditions λ < 0
and λ > 1/3 are read off as a requirement for hav-
ing Re[ei] < 0. Hence, these fixed points are stable
representing dynamical attractors. The condition
λ > 1/3 guarantees, in turn, their cosmological vi-
ability as can be seen in Table. I.
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FIG. 6. Real part of the eigenvalues of the matrixM associated to the fixed points Di in one-dimensional phase space. Negative
values for Re[ei] guarantee the stability of the critical points.
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